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VOLTERRA TYPE OPERATORS BETWEEN BLOCH TYPE
SPACES AND WEIGHTED BANACH SPACES
QINGZE LIN
Abstract. When the weight µ is more general than normal, the complete
characterizations in terms of the symbol g and weights for the conditions of
the boundedness and compactness of Tg : H∞ν → H
∞
µ and Sg : H
∞
ν → H
∞
µ
are still unknown. Smith et al. firstly gave the sufficient and necessary con-
ditions for the boundedness of Volterra type operators on Banach spaces of
bounded analytic functions when the symbol functions are univalent. In this
paper, continuing their lines of investigations, we give the complete charac-
terizations of the conditions for the boundedness and compactness of Volterra
type operators Tg and Sg between Bloch type spaces B∞ν and weighted Banach
spaces H∞
ν
with more general weights, which generalize their works.
1. Introduction
Let D be the unit disk of the complex plane C and H(D) be the space consisting
of all analytic functions on the unit disk. For any g ∈ H(D), the Volterra type
operator Tg and its companion operator Sg are defined by
(Tgf)(z) =
∫ z
0
f(ω)g′(ω)dω and (Sgf)(z) =
∫ z
0
f ′(ω)g(ω)dω,
respectively, where z ∈ D, f ∈ H(D) .
The Volterra type operator Tg was firstly introduced by Pommerenke [24] to
study the exponentials of BMOA functions and in the meantime, proved that Tg
acting on Hardy-Hilbert space H2 is bounded if and only if g ∈ BMOA . After his
work, Aleman, Siskakis and Cima [1, 2] studied the boundedness and compactness
of Tg on Hardy space H
p, in which they showed that Tg is bounded (compact)
on Hp, 0 < p < ∞, if and only if g ∈ BMOA (g ∈ VMOA). For the related
works, see [16]. Furthermore, Aleman and Siskakis [3] studied the boundedness
and compactness of Tg on Bergman spaces while Galanopoulos, Girela and Pela´ez
[13, 14] investigated the boundedness of Tg and Sg on Dirichlet type spaces and
Xiao [28] studied Tg and Sg on Qp spaces.
Recently, Lin et al. [17] characterized the boundedness of Tg and Sg acting on
the derivative Hardy spaces Sp(1 ≤ p <∞). Miihkinen [21] investigated the strict
singularity of Tg on Hardy space H
p and showed that the strict singularity of Tg
coincides with its compactness on Hp. Mengestie [20] obtained a complete descrip-
tion of the boundedness and compactness of the product of Volterra type operators
and composition operators on weighted Fock spaces. Furthermore, by applying
the Carleson embedding theorem and the Littlewood-Paley formula, Constantin
2010 Mathematics Subject Classification. Primary 47G10; Secondary 30H05.
Key words and phrases. Volterra type operator, boundedness, compactness, weighted Banach
space, Bloch type space.
1
2 QINGZE LIN
and Pela´ez [9] obtained the boundedness and compactness of Tg on weighted Fock
spaces and investigated the invariant subspaces of the classical Volterra operator
Tz on such spaces.
Let us recall that a weight ν is a non-negative continuous function defined on D
such that ν(z) = ν(|z|) and is decreasing.
The weighted Banach spaces H∞ν and H
0
ν are defined, respectively, by
H∞ν = {f ∈ H(D) : ‖f‖H∞ν := sup
z∈D
{ν(z)|f(z)|} <∞} ,
and
H0ν = {f ∈ H(D) : lim
|z|→1−
ν(z)|f(z)| = 0} .
The norms and essential norms of several bounded linear operators on such
spaces had been extensively studied. For instance, Montes-Rodr´ıguez [22] obtained
the essential norms of weighted composition operators on H∞ν .
Closely related to the weighted Banach spaces H∞ν are the Bloch type spaces
B∞ν defined by
B∞ν = {f ∈ H(D) : ‖f‖B := |f(0)|+ sup
z∈D
{ν(z)|f ′(z)|} <∞} .
B := B∞(1−|z|2) is the classical Bloch space. Corresponding to the space H
0
ν , the
little Bloch type space B0ν is defined by
B0ν = {f ∈ H(D) : lim
|z|→1−
ν(z)|f ′(z)| = 0} .
A weight ν is said to be typical if lim|z|→1− ν(z) = 0 . If ν is typical, then the
bidual space of H0ν is (H
0
ν )
∗∗ = H∞ν , what’s more, the polynomials are dense in H
0
ν
(see [7]) and in the little Bloch type space B0ν .
A weight ν is called analytic if ν(z) = 1/f(|z|) for some f ∈ H(D) such that
|f(z)| ≤ f(|z|) for all z ∈ D .
Denote να(z) = (1 − |z|
2)α , 0 ≤ α. Following Shields and Williams [25, 6], we
define that
(a) the weight ν satisfies property (U) if there exists a positive number α such that
the function r 7→ ν(r)/να(r) is almost increasing, or equivalently, infn
ν(1−2−(n+1))
ν(1−2−n) >
0 ;
(b) the weight ν satisfies property (L) if there exists a positive number α such
that the function r 7→ ν(r)/να(r) is almost decreasing, or equivalently, there is a
natural number k such that lim supn
ν(1−2−(n+k))
ν(1−2−n) < 1 ;
(c) the weight ν satisfies both properties (U) and (L) is called normal.
Obviously, the standard weights να = (1 − |z|
2)α with α > 0 are normal and
Hardy and Littlewood [15] proved that for all α > 0, H0να = B
0
να+1 and by duality,
H∞να = B
∞
να+1 . This result was extended by Lusky [18] who proved that If the
weight ν satisfies property (U), then ν satisfies property (L) if and only if H0ν(z) =
B0ν(z)(1−|z|2) . In particular, if ν is normal, then H
0
ν(z) = B
0
ν(z)(1−|z|2) and by duality,
H∞ν(z) = B
∞
ν(z)(1−|z|2) .
Following Basallote et al. [6], we say that a weight ν is quasi-normal if H0ν(z) =
B0ν(z)(1−|z|2) . Note that the quasi-normal weights ν are all typical and thus by
duality, H∞ν(z) = B
∞
ν(z)(1−|z|2) as well. To simplify the notation, we denote ω(z) :=
(1 − |z|2)µ(z) throughout. Accordingly, Lusky’s result [18] can be restated: If the
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weight ν satisfies property (U), then ν satisfies property (L) if and only if ν is quasi-
normal. It should be noticed that Basallote et al. [6] characterized the boundedness,
compactness and weak compactness of Tg acting between different weighted Banach
spaces of analytic functions with the quasi-normal weight, and what’s more, they
applied the characterization of compactness to analyze the behavior of semigroups
of composition operators on such spaces.
To state the main results of this paper, we need the definitions of the so-called
associated weight (see [8]). For a given weight ν, its associated weight ν˜ is defined
by
ν˜ :=
1
supz∈D{|f(z)| : f ∈ H
∞
ν , ‖f‖H∞ν ≤ 1}
≡
1
‖δz‖H∞ν →C
,
where δz : H
∞
ν → C is the evaluation linear functional. It is known that the
following relations between ν and its associated weight ν˜ hold:
(1) ν˜ is also a weight and ν ≤ ν˜, what’s more, ‖ · ‖H∞ν = ‖ · ‖H∞ν˜ ;
(2) for any a ∈ D, there exists an element fa in the closed unit ball of H
∞
ν such
that |fa(a)| = 1/ν˜(a) ;
(3) if ν is typical, then so is ν˜, and in this case, it holds that
ν˜ =
1
supz∈D{|f(z)| : f ∈ H
0
ν , ‖f‖H∞ν ≤ 1}
≡
1
‖δz‖H0ν→C
.
A weight ν is called essential if there is a constant C ≥ 1 such that
ν(z) ≤ ν˜ ≤ Cν for all z ∈ D .
When a weight ν is essential, then in any formulas in this paper, ν˜ can be re-
placed by ν without changing the results. It is well known that the weights ν
satisfying property (U) are always essential. It is also known that if ν is analytic,
then ν = ν˜ and, in particular, ν is essential as well. For example, the analytic
functions f(z) =
(
1 + log 1(1−z2)
)α
, with α > 0, produce the essential weights
νlog,α =
(
1 + log 1(1−|z|2)
)−α
which are analytic and in the meantime, satisfy prop-
erty (U).
So far, when the weight µ is more general than normal, the complete char-
acterizations in terms of the symbol g and the weights for the conditions of the
boundedness and compactness of Tg : H
∞
ν → H
∞
µ and Sg : H
∞
ν → H
∞
µ are still
unknown. Although the necessary and sufficient condition for Tg : H
∞ → H∞
to be bounded are characterized recently by Contreras, Pela´ez, Pommerenke and
Ra¨ttya¨ [11], the condition characterizing the symbol g uses the Cauchy transforms
which seems to be difficult to verified. However, Anderson, et al. [4] conjectured
that Tg : H
∞ → H∞ is bounded if and only if
sup
0≤θ<2π
∫ 1
0
|g′(reiθ)|dr < +∞ .
This condition is sufficient for the boundedness of Tg : H
∞ → H∞, however, it
was recently proved to be not necessary by Smith et al. in [26], where a counterex-
ample was given. However, when the symbol g is univalent, this conjecture was
proved to be affirmative in that paper. Following their works, Eklund et. al. [12]
studied the boundedness and compactness of Tg between H
∞
να and H
∞, where g is
univalent and να = (1− |z|
2)α with 0 ≤ α < 1.
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In this paper, using the ideas from [12, 26], we firstly give the sufficient and
necessary conditions for the boundedness and compactness of Tg : H
∞
ν → H
∞
µ when
ν is analytic and log(g′) ∈ B, and in the meantime, characterize the boundedness
and compactness of Sg : H
∞
ν → H
∞
µ when ν is analytic and log(g) ∈ B, where
the weight µ is any weight and thus generalize their works. Then for some general
weights, we characterize conditions for the boundedness and compactness of Tg :
H∞ν → H
∞
µ and Sg : H
∞
ν → H
∞
µ , and in this time, the key point in our study is
the relationship between the growth of a function and the growth of its derivative,
motivated by [6]. Finally, the conditions for the boundedness and compactness of
Sg : H
∞
ν → B
∞
µ , Sg : B
∞
ν → H
∞
µ and Sg : B
∞
ν → B
∞
µ are also investigated.
2. The boundedness of Volterra type operators
For any 0 < η < π, 0 < r ≤ 1, and 0 ≤ θ < 2π, denote by B(Ωrη,θ) the set of all
analytic functions F defined in the open sector
Ωrη,θ :=
{
z ∈ D : 0 < |z| < r, θ −
η
2
< arg z < θ +
η
2
}
,
such that
|F ′(z)| ≤
CF
|z|
, for z ∈ Ωrη,θ .
Here, CF is a constant depending only on function F .
Using the similar arguments from [26], we have the following two lemmas.
Lemma 2.1 (Theorem 1.2 of [26]). Let 0 < γ < η < π, 0 ≤ θ < 2π and ε > 0.
Then there exists a δ(ε) > 0 such that for any F ∈ B(Ω
1/2
γ,θ ), there is a real harmonic
function u defined in Ω1η,θ such that:
(1)
∣∣Re(F (xeiθ))− u(xeiθ)∣∣ ≤ ε, for x ∈ (0, δ(ε)];
(2) |u˜(z)| ≤ C(ε, γ, η, CF ) < ∞, for z ∈ Ω
1
η,θ, where u˜ is the harmonic conju-
gate of u such that u˜
(
1
2e
iθ
)
= 0.
Lemma 2.2 (Page 189 of [26]). Let 0 < γ < η < π, 0 ≤ θ < 2π. If ψη,θ : Ω
1
η,θ → D
is a conformal map such that ψη,θ
(
1
2e
iθ
)
= 0 and ψη,θ(0) = e
iθ, then there exists a
constant C1(γ, η) such that
|ψ′η,θ(z)|
1− |ψη,θ(z)|2
≤
C1(γ, η)
|z|
for all z ∈ Ω
1/2
γ,θ .
Now we give the complete characterizations of the conditions for the boundedness
of Volterra type operators Tg : H
∞
ν → H
∞
µ when log(g
′) ∈ B .
Theorem 2.3. If g ∈ H(D) such that log(g′) ∈ B, the weight ν is analytic and µ
is an arbitrary weight, then Tg : H
∞
ν → H
∞
µ is bounded if and only if
sup
0≤t<1
sup
0≤θ<2π
µ(t)
∫ t
0
|g′(reiθ)|
ν(r)
dr < +∞ .
Proof. Assume first that there is a positive number N such that
sup
0≤t<1
sup
0≤θ<2π
µ(t)
∫ t
0
|g′(reiθ)|
ν(r)
dr ≤ N .
For any f ∈ H∞ν , we have
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‖Tg(f)‖H∞µ = sup
z∈D
{
µ(z)
∣∣∣∣∫ z
0
f(ζ)g′(ζ)dζ
∣∣∣∣}
= sup
0≤R<1
sup
0≤θ<2π
{
µ(R)
∣∣∣∣∣
∫ Reiθ
0
f(ζ)g′(ζ)dζ
∣∣∣∣∣
}
= sup
0≤R<1
sup
0≤θ<2π
{
µ(R)
∣∣∣∣∣
∫ R
0
f(reiθ)g′(reiθ)eiθdr
∣∣∣∣∣
}
≤ ‖f‖H∞ν · sup
0≤R<1
sup
0≤θ<2π
{
µ(R)
∫ R
0
|g′(reiθ)|
ν(r)
dr
}
≤ N‖f‖H∞ν .
Accordingly, Tg : H
∞
ν → H
∞
µ is bounded.
Conversely, assume that
sup
0≤t<1
sup
0≤θ<2π
µ(t)
∫ t
0
|g′(reiθ)|
ν(r)
dr = +∞ ,
which is equivalent to
lim sup
t→1−
sup
0≤θ<2π
µ(t)
∫ t
0
|g′(reiθ)|
ν(r)
dr = +∞ .
Then choose a nondecreasing positive sequence {t0,n}
∞
n=1, with t0,n → 1
−, such
that for each t0,n, there exits an angle θn, with 0 ≤ θn < 2π, such that
µ(t0,n)
∫ t0,n
0
|g′(reiθn)|
ν(r)
dr ≥ n .
Define the function Fn : Ω
1
η,θn
→ D by
Fn(z) = −i log (g
′ ◦ ψη,θn(z)) .
Since log(g′) ∈ B, there is a constant K > 0 such that
|g′′(z)| ≤
K|g′(z)|
(1− |z|2)
for all z ∈ D .
By Lemma 2.2, we have
|F ′n(z)| =
|g′′(ψη,θn(z))|
|g′(ψη,θn(z))|
·
∣∣ψ′η,θn(z)∣∣ ≤ K
∣∣∣ψ′η,θn(z)∣∣∣
1− |ψη,θn(z)|
2 ≤
K · C1(γ, η)
|z|
,
for all z ∈ Ω
1/2
γ,θn
. Thus, the restriction of Fn to Ω
1/2
γ,θn
belongs to B(Ω
1/2
γ,θn
) .
By Lemma 2.1 with ε = π3 , we have a positive number δ(
π
3 ) such that for any
Fn ∈ B(Ω
1/2
γ,θn
), there exits a real harmonic function un defined in Ω
1
η,θn
such that:
(1)
∣∣Re(Fn(xeiθn))− un(xeiθn)∣∣ ≤ π3 , for x ∈ (0, δ(π3 )];
(2) |u˜n(z)| ≤ C(
π
3 , γ, η,K · C1(γ, η)) =: C2(γ, η) <∞, for z ∈ Ω
1
η,θn
, where u˜n
is the harmonic conjugate of un such that u˜n
(
1
2e
iθn
)
= 0.
From (1) and the definition of conformal function ψη,θn , we obtain that there is
a real rη with 0 < rη < 1 such that
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∣∣∣arg g′(reiθn)− un(ψ−1η,θn(reiθn))∣∣∣ ≤ π3 , for r ∈ [rη, 1) .
Define
hn(z) := e
−i(un(z)+iu˜n(z)) ,
and consider the sequence {fn}
∞
n=1 of functions given by
fn(z) := hn ◦ ψ
−1
η,θn
(z) · fν(e
−2θniz) ,
where fν is an analytic function such that v(z) = 1/fν(|z|) for all z ∈ D . Then by
(2) and the fact that the weight ν is analytic, it follows that the sequence {fn}
∞
n=1
is bounded in H∞ν with
‖fn‖H∞ν = sup
z∈D
{
ν(z)
∣∣∣hn ◦ ψ−1η,θn(z) · fν(e−2θniz)∣∣∣}
= sup
z∈D
{
ν(z)
∣∣∣hn ◦ ψ−1η,θn(z)∣∣∣ · fν(|z|)}
≤
∥∥∥hn ◦ ψ−1η,θn(z)∥∥∥H∞ ≤ eC2(γ,η).
Now choose n large enough so that rη ≤ t0,n < 1, we see that
‖Tg(fn)‖H∞µ = sup
z∈D
{
µ(z)
∣∣∣∣∫ z
0
fn(ζ)g
′(ζ)dζ
∣∣∣∣}
≥ µ(t0,n)
∣∣∣∣∫ t0,n
0
fn(re
iθn)g′(reiθn)eiθndr
∣∣∣∣
≥
∣∣∣∣∣Re
(
µ(t0,n)
∫ t0,n
rη
fn(re
iθn)g′(reiθn)dr
)∣∣∣∣∣
−
∣∣∣∣Re(µ(t0,n)∫ rη
0
fn(re
iθn)g′(reiθn)dr
)∣∣∣∣
First, we observe that
∣∣∣∣Re(µ(t0,n)∫ rη
0
fn(re
iθn)g′(reiθn)dr
)∣∣∣∣ ≤ µ(0)∫ rη
0
|fn(re
iθn)||g′(reiθn)|dr
≤ µ(0)‖fn‖H∞ν
∫ rη
0
|g′(reiθn)|
ν(r)
dr ≤ µ(0)
eC2(γ,η)C3(η)
ν(rη)
,
where C3(η) := sup|z|≤rη{|g
′(z)|} .
Then, for the estimation of the other integral, we see that
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∣∣∣∣∣Re
(
µ(t0,n)
∫ t0,n
rη
fn(re
iθn)g′(reiθn)dr
)∣∣∣∣∣
=
∣∣∣∣∣µ(t0,n)Re
(∫ t0,n
rη
g′(reiθn)
ν(r)
e−i(un(ψ
−1
η,θn
(reiθn ))+iu˜n(ψ
−1
η,θn
(reiθn )))dr
)∣∣∣∣∣
=
∣∣∣∣∣µ(t0,n)
∫ t0,n
rη
|g′(reiθn)|
ν(r)
eu˜n(ψ
−1
η,θn
(reiθn ))
·Re
(
ei(arg(g
′(reiθn ))−un(ψ
−1
η,θn
(reiθn )))
)
dr
∣∣∣∣∣
≥ cos(
π
3
)e−C2(γ,η)µ(t0,n)
∫ t0,n
rη
|g′(reiθn)|
ν(r)
dr
≥ cos(
π
3
)e−C2(γ,η)µ(t0,n)
(∫ t0,n
0
|g′(reiθn)|
ν(r)
dr −
∫ rη
0
|g′(reiθn)|
ν(r)
dr
)
≥ cos(
π
3
)e−C2(γ,η)
(
µ(t0,n)
∫ t0,n
0
|g′(reiθn)|
ν(r)
dr − µ(0)
∫ rη
0
|g′(reiθn)|
ν(r)
dr
)
≥ cos(
π
3
)e−C2(γ,η)
(
n− µ(0)
∫ rη
0
|g′(reiθn)|
ν(r)
dr
)
≥ cos(
π
3
)e−C2(γ,η)
(
n− µ(0)
C3(η)
ν(rη)
)
.
Accordingly, for n large enough such that rη ≤ t0,n < 1, we obtain that
‖Tg(fn)‖H∞µ ≥ cos(
π
3
)e−C2(γ,η)n−
(
e2C2(γ,η) + cos(
π
3
)
) µ(0)e−C2(γ,η)C3(η)
ν(rη)
.
Letting n→∞, it follows that Tg : H
∞
ν → H
∞
µ is not bounded. 
Remark 2.4. From the proof of Theorem 2.3, we see that the condition
sup
0≤t<1
sup
0≤θ<2π
µ(t)
∫ t
0
|g′(reiθ)|
ν(r)
dr < +∞ ,
is sufficient for the boundedness of Tg : H
∞
ν → H
∞
µ without the requirement that
log(g′) ∈ B and the weight ν is analytic .
Remark 2.5. If g ∈ H(D) is univalent, then by [23], it holds that log(g′) ∈ B, thus
Theorem 2.3 holds for the univalent case.
Remark 2.6. It should be noticed that Basallote et. al. [6] had given the following
complete characterization of the boundedness of Tg : H
∞
ν → H
∞
µ for the general
symbol g ∈ H(D) when µ is quasi-normal, namely, the following statements are
equivalent:
(1) Tg : H
∞
ν → H
∞
µ is bounded.
(2) supz∈D(1− |z|
2)|g′(z)|µ(z)/ν˜(z) <∞ .
If, in addition, ν is a typical weight, then both (1) and (2) are equivalent to
(3) Tg : H
0
ν → H
0
µ is bounded.
The following corollary is the most interesting part of Theorem 2.3.
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Corollary 2.7. If g ∈ H(D) such that log(g′) ∈ B and the weight ν is analytic,
then Tg : H
∞
ν → H
∞ is bounded if and only if
sup
0≤θ<2π
∫ 1
0
|g′(reiθ)|
ν(r)
dr < +∞ .
Proof. By Theorem 2.3, Tg : H
∞
ν → H
∞ is bounded if and only if
lim sup
t→1−
sup
0≤θ<2π
∫ t
0
|g′(reiθ)|
ν(r)
dr < +∞ .
Since
∫ t
0
|g′(reiθ)|
ν(r) dr is increasing as t→ 1
−, it follows that
lim sup
t→1−
sup
0≤θ<2π
∫ t
0
|g′(reiθ)|
ν(r)
dr = sup
0≤θ<2π
lim sup
t→1−
∫ t
0
|g′(reiθ)|
ν(r)
dr
= sup
0≤θ<2π
∫ 1
0
|g′(reiθ)|
ν(r)
dr.

Now we consider the boundedness of the companion operators Sg : H
∞
ν → H
∞
µ .
In this case, we suppose that the weight ν satisfies property (U). Then by [27,
Lemma 5], there exists a constant Cν > 0 such that for any f ∈ H
∞
ν ,
|f (n)(z)| ≤
Cν‖f‖H∞ν
ν(z)(1− |z|2)n
,
for any z ∈ D and every non-negative integer n . Thus, we first give a sufficient
condition for the boundedness of Sg : H
∞
ν → H
∞
µ for general g ∈ H(D) .
Proposition 2.8. If the weight ν satisfies property (U) while µ is an arbitrary
weight, then Sg : H
∞
ν → H
∞
µ is bounded if
sup
0≤t<1
sup
0≤θ<2π
µ(t)
∫ t
0
|g(reiθ)|
(1− r2)ν(r)
dr < +∞ .
Proof. Assume that the condition is satisfied, then there exists N > 0 such that
sup
0≤t<1
sup
0≤θ<2π
µ(t)
∫ t
0
|g(reiθ)|
(1− r2)ν(r)
dr ≤ N .
For any f ∈ H∞ν , we have
‖Tg(f)‖H∞µ = sup
z∈D
{
µ(z)
∣∣∣∣∫ z
0
f ′(ζ)g(ζ)dζ
∣∣∣∣}
= sup
0≤R<1
sup
0≤θ<2π
{
µ(R)
∣∣∣∣∣
∫ Reiθ
0
f ′(ζ)g(ζ)dζ
∣∣∣∣∣
}
= sup
0≤R<1
sup
0≤θ<2π
{
µ(R)
∣∣∣∣∣
∫ R
0
f ′(reiθ)eiθg(reiθ)dr
∣∣∣∣∣
}
≤ Cν‖f‖H∞ν · sup
0≤R<1
sup
0≤θ<2π
{
µ(R)
∫ R
0
|g(reiθ)|
(1 − r2)ν(r)
dr
}
≤ NCν‖f‖H∞ν ,
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which implies that Sg : H
∞
ν → H
∞
µ is bounded. 
Now, we give the complete characterization for the boundedness of Sg : H
∞
ν →
H∞µ when log(g) ∈ B and the weight ν is analytic and quasi-normal.
Theorem 2.9. If g ∈ H(D) such that log(g) ∈ B, the weight ν is analytic and
quasi-normal and µ is an arbitrary weight, then Sg : H
∞
ν → H
∞
µ is bounded if and
only if
sup
0≤t<1
sup
0≤θ<2π
µ(t)
∫ t
0
|g(reiθ)|
(1− r2)ν(r)
dr < +∞ .
Proof. The proof of the sufficiency is similar to Proposition 2.8 .
Now, assume that Sg : H
∞
ν → H
∞
µ is bounded. choose the sequence {gn}
∞
n=1 of
functions defined by
gn(z) :=
∫ z
0
fn(ζ)
(1− e−2θniζ2)
dζ ,
where fn is defined in the proof of Theorem 2.3, then we see that {gn}
∞
n=1 is a
bounded sequence in space B∞(1−|z|2)ν(z) . Since the ν is quasi-normal, it follows
that {gn}
∞
n=1 is a bounded sequence in space H
∞
ν . The remaining of the proof is
similar to the proof in Theorem 2.3 and hence, we omit it. 
The following corollary is the most interesting part of Theorem 2.9.
Corollary 2.10. If g ∈ H(D) such that log(g) ∈ B, the weight ν is analytic and
quasi-normal, then Sg : H
∞
ν → H
∞ is bounded if and only if
sup
0≤θ<2π
∫ 1
0
|g(reiθ)|
(1 − r2)ν(r)
dr < +∞ .
Remark 2.11. It should be noted that the conditions in Theorem 2.9 and Corol-
lary 2.10 are essentially new and different from those of Theorem 2.3 and Corol-
lary 2.7 which are satisfied by univalent functions.
If µ is quasi-normal, then we can give the following complete characterizations
of the boundedness of Sg : H
∞
ν → H
∞
µ for the general symbol g ∈ H(D) . The
following lemma will be used in the proof Theorem 2.13 below. The arguments are
standard (see [6] for example), but we provide the proof for the sake of completeness.
Lemma 2.12. Let the weights ν and µ be typical such that Sg : H
0
ν → H
0
µ is
bounded. Then S∗∗g = Sg and therefore, Sg : H
∞
ν → H
∞
µ is bounded. The same
statement for Sg : B
0
ν → B
0
µ is also true.
Proof. We just proved the lemma for Sg : H
0
ν → H
0
µ, the other case follows similarly.
If Sg : H
0
ν → H
0
µ is bounded, then S
∗
g : (H
0
µ)
∗ → (H0ν )
∗ is bounded and so is
S∗∗g : H
∞
ν → H
∞
µ . Now consider the evaluation linear functionals δz ∈ (H
0
µ)
∗ . It
is known that such elements are dense in (H0µ)
∗ and for any f ∈ H0ν , we have
< S∗g (δz), f >=< δz, Sg(f) >=
∫ z
0
f ′(ζ)g(ζ)dζ .
Now for f ∈ H∞ν , we have
< (Sg)
∗∗(f), δz >=< f, S
∗
g (δz) > .
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Since the functions fr(z) = f(rz) converge to f as r → 1
− in the weak∗ topology,
it follows that < fr, x
∗ >→< f, x∗ > for all x∗ ∈ (H0ν )
∗ . Thus,
< f, S∗g (δz) >= lim
r→1−
< fr, S
∗
g (δz) >= lim
r→1−
< Sg(fr), δz >= lim
r→1−
∫ z
0
f ′(rζ)g(ζ)dζ .
Since f ′r → f
′ locally uniformly in D, it holds that
lim
r→1−
∫ z
0
f ′(rζ)g(ζ)dζ =
∫ z
0
f ′(ζ)g(ζ)dζ =< Sg(f), δz > .
Accordingly, we obtain that S∗∗g = Sg . 
Theorem 2.13. If g ∈ H(D), ν satisfies property (U) and µ is quasi-normal, then
the following conditions are equivalent:
(1) Sg : H
∞
ν → H
∞
µ is bounded.
(2) supz∈D
µ(z)
ν(z) |g(z)| <∞ .
If, in addition, ν is a typical weight, then both (1) and (2) are equivalent to
(3) Sg : H
0
ν → H
0
µ is bounded.
Proof. Since µ is quasi-normal, H∞µ = B
∞
ω . Thus the boundedness of Sg : H
∞
ν →
H∞µ is equivalent to the boundedness of MgD : H
∞
ν → H
∞
ω , where Mg is the
multiplication operator and D is the differentiation operator, respectively. Now by
choosing ϕ(z) ≡ z in [19, Theorem 7], the boundedness of MgD : H
∞
ν → H
∞
ω is
equivalent to the following condition
sup
z∈D
ω(z)
(1− |z|2)ν(z)
|g(z)| <∞ ,
which is equivalent to condition (2), that is, (1) and (2) are equivalent.
Assume that ν is typical, then since µ is quasi-normal, µ is also typical. Thus,
by Lemma 2.12, (3) implies (1).
Now, it remains to show that (2) implies (3). For any f ∈ H0ν , we want to show
that Sg(f) ∈ B
0
ω, or equivalently, MgD(f) ∈ H
0
ω . For any polynomial p ∈ H
0
ν , by
(2), we see that
lim
|z|→1−
ω(z)|p′(z)||g(z)| = lim
|z|→1−
(1 − |z|2)µ(z)|p′(z)||g(z)|
≤
(
sup
z∈D
µ(z)
ν(z)
|g(z)|
)
lim
|z|→1−
ν(z)(1− |z|2)|p′(z)| = 0 .
Thus MgD(p) ∈ H
0
ω . Since the of all polynomials is dense in H
0
ν , there exists a
sequence of polynomials {pn} such that ‖pn − f‖H0ν → 0 as n → ∞ . Now by (1),
MgD : H
∞
ν → H
∞
ω is bounded, it follows that
‖MgD(pn)−MgD(f)‖H∞ω ≤ ‖MgD‖‖pn − f‖H∞ν → 0 ,
as n→∞ . Thus MgD(f) ∈ H
0
ω , since H
0
ω is a closed subspace of H
∞
ω . 
Now we are to investigate the conditions for the boundedness of Volterra type op-
erators Tg and Sg between Bloch type spaces B
∞
ν and B
∞
µ . Since the corresponding
conditions for the boundedness and compactness of Volterra type operators Tg be-
tween Bloch type spaces B∞ν and B
∞
µ had been studied in [12], thus, we concentrate
on the companion operator Sg . First, we prove the following lemma.
VOLTERRA TYPE OPERATORS 11
Lemma 2.14. Let ν and µ be weights. Then the product of the multiplication
operator Mg and the differentiation operator D, namely, MgD is bounded from
Bloch type space B∞ν into weighted Banach space H
∞
µ if and only if
sup
z∈D
µ(z)
ν˜(z)
|g(z)| <∞ .
Proof. Since the differentiation operator D is an isometry from Bloch type space
B∞ν onto weighted Banach space H
∞
ν , it follows that MgD : B
∞
ν → H
∞
µ is bounded
if and only ifMg : H
∞
ν → H
∞
µ is bounded, which, according to [10, 29], is equivalent
to the condition: supz∈D |g(z)|µ(z)/ν˜(z) <∞ . 
Then by Lemma 2.14, using the similar proof of Theorem 2.13, we obtain
Theorem 2.15. If g ∈ H(D), ν and µ are weights, then the following conditions
are equivalent:
(1) Sg : B
∞
ν → B
∞
µ is bounded.
(2) supz∈D |g(z)|µ(z)/ν˜(z) <∞ .
If, in addition, ν and µ are typical weights, then both (1) and (2) are equivalent
to
(3) Sg : B
0
ν → B
0
µ is bounded.
Theorem 2.16. If g ∈ H(D), ν satisfies property (U) and µ is a weight, then the
following conditions are equivalent:
(1) Sg : H
∞
ν → B
∞
µ is bounded.
(2) supz∈D
µ(z)
(1−|z|2)ν(z) |g(z)| <∞ .
If, in addition, ν and µ are typical weights, then both (1) and (2) are equivalent
to
(3) Sg : H
0
ν → B
0
µ is bounded.
Theorem 2.17. If g ∈ H(D), ν is a weight and µ is a quasi-normal weight, then
the following conditions are equivalent:
(1) Sg : B
∞
ν → H
∞
µ is bounded.
(2) supz∈D
(1−|z|2)µ(z)
ν˜(z) |g(z)| <∞ .
If, in addition, ν is a typical weight, then both (1) and (2) are equivalent to
(3) Sg : B
0
ν → H
0
µ is bounded.
However, when µ is not a quasi-normal weight, then by the similar proof in The-
orem 2.9, we can give the following complete characterization for the boundedness
of Sg : B
∞
ν → H
∞
µ when ν is an analytic weight and log(g) ∈ B.
Proposition 2.18. If g ∈ H(D) such that log(g) ∈ B, the weight ν is analytic and
µ is an arbitrary weight, then Sg : B
∞
ν → H
∞
µ is bounded if and only if
sup
0≤t<1
sup
0≤θ<2π
µ(t)
∫ t
0
|g(reiθ)|
ν(r)
dr < +∞ .
3. The compactness of Volterra type operators
In this section, we firstly characterize the compactness of Tg : H
∞
ν → H
∞
µ
and its companion operator Sg : H
∞
ν → H
∞
µ . In the end, we characterize the
corresponding questions for Bloch type spaces.
By standard arguments, we have the following lemma.
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Lemma 3.1. Let ν and µ be weights. If Tg : H
∞
ν → H
∞
µ is bounded, then the
following two statements are equivalent:
(1) Tg : H
∞
ν → H
∞
µ is compact;
(2) For any bounded sequence {fn}
∞
n=1 ⊂ H
∞
ν such that fn(z)→ 0 uniformly on
any compact subset of D as n→∞, it holds that ‖Tg(fn)‖H∞µ → 0 as n→∞.
Theorem 3.2. If g ∈ H(D) such that log(g′) ∈ B, the weight ν is analytic and µ
is an arbitrary weight, then Tg : H
∞
ν → H
∞
µ is compact if and only if
lim
t2→1−
lim sup
t1→1−
sup
0≤θ<2π
µ(t1)
∫ t1
t2
|g′(reiθ)|
ν(r)
dr = 0 .
Proof. Assume first that Tg : H
∞
ν → H
∞
µ is compact and so it is bounded. If
c := lim
t2→1−
lim sup
t1→1−
sup
0≤θ<2π
µ(t1)
∫ t1
t2
|g′(reiθ)|
ν(r)
dr > 0 ,
then by Theorem 2.3, we observe that c < +∞ .
Let {t2,n}
∞
n=1 be a sequence so that 0 < t2,n < t2,n+1 < 1, limn→∞ t2,n = 1 and
c = inf
n∈N
lim sup
t1→1−
sup
0≤θ<2π
µ(t1)
∫ t1
t2,n
|g′(reiθ)|
ν(r)
dr
= lim
n→∞
lim sup
t1→1−
sup
0≤θ<2π
µ(t1)
∫ t1
t2,n
|g′(reiθ)|
ν(r)
dr .
Then for any n ∈ N, we can choose t1,n with t2,n < t1,n such that
sup
0≤θ<2π
µ(t1,n)
∫ t1,n
t2,n
|g′(reiθ)|
ν(r)
dr > c−
1
n2
.
Also, we can choose an angle θn with 0 ≤ θn < 2π such that
(1− t21,n)
β
∫ t1,n
t2,n
|g′(reiθn)|
ν(r)
dr > c−
1
n
.
Define the sequence {kn}
∞
n=1 by choosing kn as the largest positive integer such
that tkn2,n ≥
1
3 for any n ∈ N, then since limn→∞
log 13
log t2,n
= +∞, it follows that
limn→∞ kn = +∞ .
Now define the sequence {sn(z)}
∞
n=1 by
sn(z) := fn(z)z
kn , z ∈ D ,
where fn(z) is defined in the proof of Theorem 2.3, that is,
fn(z) := hn ◦ ψ
−1
η,θn
(z) · fν(e
−2θniz) ,
where fν is an analytic function such that v(z) = 1/fν(|z|) for all z ∈ D . Thus,
‖sn‖H∞ν ≤ e
C2(γ,η),
and sn → 0 uniformly on any compact subset of D .
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Choosing n large enough such that t2,n > rη, where rη is defined in the proof of
Theorem 2.3, then
‖Tg(sn)‖H∞µ ≥
∣∣∣∣µ(t1,n)∫ t1,n
0
fn(re
iθn)g′(reiθn)rkndr
∣∣∣∣
≥
∣∣∣∣Re(µ(t1,n)∫ t1,n
0
fn(re
iθn)g′(reiθn)rkndr
)∣∣∣∣
≥
∣∣∣∣∣Re
(
µ(t1,n)
∫ t1,n
rη
fn(re
iθn)g′(reiθn)rkndr
)∣∣∣∣∣
−
∣∣∣∣Re(µ(t1,n)∫ rη
0
fn(re
iθn)g′(reiθn)rkndr
)∣∣∣∣
First, we have
∣∣∣∣Re(µ(t1,n)∫ rη
0
fn(re
iθn)g′(reiθn)rkndr
)∣∣∣∣
≤ µ(0)
∫ rη
0
|fn(re
iθn)||g′(reiθn)|rkndr
≤ µ(0)‖fn‖H∞ν
∫ rη
0
|g′(reiθn)|
ν(r)
rkndr
≤
µ(0)eC2(γ,η)C3(η)r
kn
η
ν(rη)
,
where C3(η) := sup|z|≤rη{|g
′(z)|} .
then, to estimate the other integral, we have
∣∣∣∣∣Re
(
µ(t1,n)
∫ t1,n
rη
fn(re
iθn)g′(reiθn)rkndr
)∣∣∣∣∣
=
∣∣∣∣∣µ(t1,n)Re
(∫ t1,n
rη
g′(reiθn)
ν(r)
e−i(un(ψ
−1
η,θn
(reiθn ))+iu˜n(ψ
−1
η,θn
(reiθn )))rkndr
)∣∣∣∣∣
=
∣∣∣∣∣µ(t1,n)
∫ t1,n
rη
|g′(reiθn)|
ν(r)
eu˜n(ψ
−1
η,θn
(reiθn ))
·Re
(
ei(arg(g
′(reiθn ))−un(ψ
−1
η,θn
(reiθn )))
)
rkndr
∣∣∣∣∣
≥ cos(
π
3
)e−C2(γ,η)
∣∣∣∣∣µ(t1,n)
∫ t1,n
rη
|g′(reiθn)|
ν(r)
rkndr
∣∣∣∣∣
≥ cos(
π
3
)rkn2,ne
−C2(γ,η)
∣∣∣∣∣µ(t1,n)
∫ t1,n
t2,n
|g′(reiθn)|
ν(r)
dr
∣∣∣∣∣
≥
1
3
cos(
π
3
)e−C2(γ,η)(c−
1
n
) .
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Therefore, it follows that
lim sup
n→∞
‖Tg(sn)‖H∞µ
≥ lim
n→∞
(
1
3
cos(
π
3
)e−C2(γ,η)(c−
1
n
)−
µ(0)eC2(γ,η)C3(η)r
kn
η
ν(rη)
)
=
1
3
cos(
π
3
)e−C2(γ,η)c > 0 ,
which, according to Lemma 3.1, is in contradiction with the assumption that Tg :
H∞ν → H
∞
µ is compact.
Conversely, assume that
lim
t2→1−
lim sup
t1→1−
sup
0≤θ<2π
µ(t1)
∫ t1
t2
|g′(reiθ)|
ν(r)
dr = 0 .
To prove that Tg : H
∞
ν → H
∞
µ is compact, choose any sequence {fn}
∞
n=1 ⊂ H
∞
ν
such that there exists a positive number W such that supn∈N ‖fn‖H∞ν ≤ W and
fn → 0 locally uniformly in D as n → ∞ . Let ǫ > 0, then there exists t2,ǫ with
0 < t2,ǫ < 1 such that
lim sup
t1→1−
sup
0≤θ<2π
µ(t1)
∫ t1
t2,ǫ
|g′(reiθ)|
ν(r)
dr < ǫ .
Moreover, there exists t1,ǫ with t2,ǫ < t1,ǫ < 1 such that
sup
0≤θ<2π
µ(t1)
∫ t1
t2,ǫ
|g′(reiθ)|
ν(r)
dr < 2ǫ, whenever t1,ǫ < t1 < 1 .
Now choose Nǫ > 0 such that
sup
|z|≤t1,ǫ
|fn(z)| <
ǫ
M1,ǫ · t1,ǫ
, whenever n > Nǫ ,
where M1,ǫ := sup0≤|z|≤t1,ǫ {|g
′(z)|} .
Then for n > Nǫ, we have
‖Tg(fn)‖H∞µ = sup
0≤θ<2π
sup
0≤R<1
{
µ(R)
∣∣∣∣∣
∫ R
0
fn(re
iθ)g′(reiθ)eiθdr
∣∣∣∣∣
}
≤ sup
0≤θ<2π
sup
0≤R<1
{
µ(R)
∫ R
0
|fn(re
iθ)||g′(reiθ)|dr
}
≤ sup
0≤θ<2π
sup
0≤R≤t1,ǫ
{
µ(R)
∫ R
0
|fn(re
iθ)||g′(reiθ)|dr
}
+ sup
0≤θ<2π
sup
t1,ǫ<R
{
µ(R)
∫ t2,ǫ
0
|fn(re
iθ)||g′(reiθ)|dr
}
+ sup
0≤θ<2π
sup
t1,ǫ<R
{
µ(R)
∫ R
t2,ǫ
|fn(re
iθ)||g′(reiθ)|dr
}
≤ ǫ + ǫ+ 2Wǫ = 2(1 +W )ǫ ,
which implies that limn→∞ ‖Tg(fn)‖H∞µ = 0 and hence, by Lemma 3.1, Tg : H
∞
ν →
H∞µ is compact. 
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Remark 3.3. From the proof of Theorem 3.2, we also see that the condition
lim
t2→1−
lim sup
t1→1−
sup
0≤θ<2π
µ(t1)
∫ t1
t2
|g′(reiθ)|
ν(r)
dr = 0 ,
is sufficient for the compactness of Tg : H
∞
α → H
∞
β without the requirement that
log(g′) ∈ B and weight ν is analytic.
Remark 3.4. It should be noticed that Basallote et. al. [6] had given the following
complete characterization of the compactness of Tg : H
∞
ν → H
∞
µ for the general
symbol g ∈ H(D) when µ is quasi-normal, namely, the following statements are
equivalent:
(1) Tg : H
∞
ν → H
∞
µ is compact.
(2) lim|z|→1−(1 − |z|
2)|g′(z)|µ(z)/ν˜(z) = 0 .
If, in addition, ν is a typical weight, then both (1) and (2) are equivalent to
(3) Tg : H
0
ν → H
0
µ is compact.
For the compactness of Sg : H
∞
ν → H
∞
µ , by the similar proof in Theorem 3.2 and
the arguments in the proof of Proposition 2.8, we first give the sufficient condition
when the weight ν satisfies property (U):
Proposition 3.5. If the weight ν satisfies property (U) while µ is an arbitrary
weight, then Sg : H
∞
ν → H
∞
µ is compact if
lim
t2→1−
lim sup
t1→1−
sup
0≤θ<2π
µ(t1)
∫ t1
t2
|g(reiθ)|
(1 − r2)ν(r)
dr = 0 .
By considering the sequence {gn}
∞
n=1 of functions defined by
gn(z) :=
∫ z
0
sn(ζ)
(1− e−2θniζ2)
dζ ,
where sn is defined in the proof of Theorem 3.2, and by the arguments in the proof
of Theorem 2.9, we have
Theorem 3.6. If g ∈ H(D) such that log(g) ∈ B, the weight ν is analytic and
quasi-normal and µ is an arbitrary weight, then Sg : H
∞
ν → H
∞
µ is compact if and
only if
lim
t2→1−
lim sup
t1→1−
sup
0≤θ<2π
µ(t1)
∫ t1
t2
|g(reiθ)|
(1 − r2)ν(r)
dr = 0 .
Now for the compactness of the companion operators Sg : H
∞
ν → H
∞
µ , we have
the following characterizations for the general symbol g ∈ H(D) .
Theorem 3.7. If g ∈ H(D) and ν is a weight, then
(1) Sg : H
∞
ν → H
∞ is compact if and only if g = 0 ;
(2) If ν satisfies property (U) and µ is quasi-normal, then the following conditions
are equivalent:
(2.1) Sg : H
∞
ν → H
∞
µ is compact.
(2.2) lim|z|→1−
µ(z)
ν(z) |g(z)| = 0 .
If, in addition, ν is a typical weight, then both (2.1) and (2.2) are equivalent to
(2.3) Sg : H
0
ν → H
0
µ is compact.
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Proof. (1) This follows from the fact that H∞ ⊂ H∞ν and that Sg : H
∞ → H∞ is
compact if and only if g = 0 (see [4]).
(2) Since µ is quasi-normal, H∞µ = B
∞
ω . Thus the compactness of Sg : H
∞
ν →
H∞µ is equivalent to the compactness of MgD : H
∞
ν → H
∞
ω . Now by choosing
ϕ(z) ≡ z in [19, Theorem 8], the compactness of MgD : H
∞
ν → H
∞
ω is equivalent
to the following condition
lim
|z|→1−
ω(z)
(1 − |z|2)ν(z)
|g(z)| = 0 ,
which is equivalent to condition (2.2), that is, (2.1) and (2.2) are equivalent.
Assume that ν is typical, then since µ is quasi-normal, µ is also typical. By
Lemma 2.12, it follows easily that (2.3) implies (2.1).
Now, it remains to show that (2.1) implies (2.3). If Sg : H
∞
ν → H
∞
µ is compact,
then Sg : H
∞
ν → H
∞
µ is bounded. Hence by Theorem 2.13, Sg : H
0
ν → H
0
µ is
bounded. Since H0µ is a closed subspace of H
∞
µ , it holds that Sg : H
0
ν → H
0
µ is
compact. 
Now we are to investigate the conditions for the compactness of Volterra type op-
erators Tg and Sg between Bloch type spaces B
∞
ν and B
∞
µ . Since the corresponding
conditions for the compactness of Volterra type operators Tg between Bloch type
spaces B∞ν and B
∞
µ had been studied in [12], thus, we concentrate on the companion
operator Sg . First, we prove the following lemma.
Lemma 3.8. Let ν and µ be weights. Then the product of the multiplication oper-
ator Mg and the differentiation operator D, namely, MgD is compact from Bloch
type space B∞ν into weighted Banach space H
∞
µ if and only if
lim
|z|→1−
µ(z)
ν˜(z)
|g(z)| = 0 .
Proof. Since the differentiation operator D is a bounded operator from Bloch type
space B∞ν into weighted Banach space H
∞
ν and the Volterra operator Tz is a
bounded operator from weighted Banach space H∞ν into Bloch type space B
∞
ν ,
it follows that MgD : B
∞
ν → H
∞
µ is compact if and only if Mg : H
∞
ν → H
∞
µ is
compact, which, according to [10], is equivalent to the condition
lim
|z|→1−
µ(z)
ν˜(z)
|g(z)| = 0 .

Then by Lemma 3.8, using the similar proof of Theorem 3.7, we obtain
Theorem 3.9. If g ∈ H(D), ν and µ are weights, then the following conditions
are equivalent:
(1) Sg : B
∞
ν → B
∞
µ is compact.
(2) lim|z|→1− |g(z)|µ(z)/ν˜(z) = 0 .
If, in addition, ν and µ are typical weights, then both (1) and (2) are equivalent
to
(3) Sg : B
0
ν → B
0
µ is compact.
Theorem 3.10. If g ∈ H(D), ν satisfies property (U) and µ is a weight, then the
following conditions are equivalent:
(1) Sg : H
∞
ν → B
∞
µ is compact.
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(2) lim|z|→1−
µ(z)
(1−|z|2)ν(z) |g(z)| = 0 .
If, in addition, ν and µ are typical weights, then both (1) and (2) are equivalent
to
(3) Sg : H
0
ν → B
0
µ is compact.
Theorem 3.11. If g ∈ H(D), ν is a weight and µ is a quasi-normal weight, then
the following conditions are equivalent:
(1) Sg : B
∞
ν → H
∞
µ is compact.
(2) lim|z|→1−
(1−|z|2)µ(z)
ν˜(z) |g(z)| = 0 .
If, in addition, ν is a typical weight, then both (1) and (2) are equivalent to
(3) Sg : B
0
ν → H
0
µ is compact.
However, when µ is not a quasi-normal weight, then by the similar proof in The-
orem 3.6, we can give the following complete characterization for the compactness
of Sg : B
∞
ν → H
∞
µ when ν is an analytic weight and log(g) ∈ B.
Proposition 3.12. If g ∈ H(D) such that log(g) ∈ B, the weight ν is analytic and
µ is an arbitrary weight, then Sg : B
∞
ν → H
∞
µ is compact if and only if
lim
t2→1−
lim sup
t1→1−
sup
0≤θ<2π
µ(t1)
∫ t1
t2
|g(reiθ)|
ν(r)
dr = 0 .
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